Group of homotopy self-equivalences Lyndon-Hochschild-Serre spectral sequence Spherical space form Let G = Z/a μ (Z/b × TL 2 (F p )) and X(n) be an n-dimensional CW-complex with the homotopy type of the n-sphere. We determine the automorphism group Aut(G) and then compute the number of distinct homotopy types of spherical space forms with respect to free and cellular G-actions on all CW-complexes X(2dn − 1), where 2d is a period of G. Next, the group E(X(2dn − 1)/α) of homotopy self-equivalences of spherical space forms X(2dn − 1)/α associated with such G-actions α on X(2dn − 1) are studied. Similar results for the rest of finite periodic groups have been obtained recently and they are described in the introduction. 
homotopy types of lens spaces and calculating their groups of homotopy self-equivalences. Therefore, it is natural to study the problem above for spherical space forms, i.e. the problem of determining the number of homotopy type of spherical space form and calculating their groups of homotopy self-equivalences for all possible groups. To aim this, we recall first the SuzukiZassenhaus classification of all finite periodic groups, which are the groups related with spherical spaces forms. Given groups G, H and an action α : G → Aut(H), write H α G for the corresponding semi-direct product of the group H by the group G with respect to the action α. A classification of these groups is given by Table 1 as presented in [1, Chapter IV, Theorem 6.15].
In Table 1 above, Q 2 i is the generalized quaternionic group; O * i and T i , the generalized binary octahedral and tetrahedral groups, respectively; SL 2 (F p ), the special linear group over the simple field F p and TL 2 (F p ) a certain double extension of SL 2 (F p ). The problem of determining the number of homotopy types of spherical space forms and the calculation of their groups of homotopy self-equivalences has been solved in [8] [9] [10] [11] [12] for all groups in Table 1 above except for the groups in the family VI. We explain below in more details the results obtained in the papers above.
The classical result for lens spaces has been extended in [8] by solving the problem for spherical space forms (also called generalized lens spaces) obtained from finite cyclic group actions on homotopy spheres. The main results of [8] have been stated in Theorem 1.2 and Proposition 1.5. It turns out that the fact that a sphere is replaced by a homotopy sphere does not create an orbit space which has a homotopy type different from the classical lens spaces.
In [9] , the problem has been solved for the generalized quaternionic group Q 4m . Furthermore, in contrast with the case of cyclic groups, there exist finite spherical space forms given by some free and cellular Q 4m -actions on homotopy 3-spheres which do not have the homotopy type of a Clifford-Klein form provided that m is not a power of 2. Then, the problem has been solved in [10] for the complete list of the groups in the families I and II and its main results are stated in Theorems 2.6 and 3.4.
Paper [11] is devoted to the solution of the problem for the groups in the families III and IV, and its main results are stated in Theorems 2.2 and 3.2. As a byproduct, automorphisms of generalized (binary) polyhedral groups have been described in [13] . Finally, paper [12] deals with this problem for the groups in the family V and its main results are stated in Theorems 2.2 and 2.4. This paper continues the project developed in [8] [9] [10] [11] [12] and its goal is to solve the problem for the groups of the family VI of 
Results in [8] [9] [10] [11] [12] on groups from families I-V of Table 1 above are essential to make crucial calculations and then develop main results which complete the calculation of the homotopy types of the spherical space forms for all finite periodic groups, as well as the group of homotopy self-equivalences of all orbit spaces. Since, in view of [1, Chapter IV] , the group TL 2 (F 3 ) is isomorphic to O * , the binary octahedral group, and spherical space forms of Z/a μ (Z/b × O * ) has been already studied in [11] , the problems above for the groups Z/a (Z/b × TL 2 (F 3 )) have been considered there as well.
The paper is organized into three sections. Section 1 describes the automorphism group of the groups Z/a (Z/b × TL 2 (F p )) and their outer automorphisms as well.
In Section 2, we first study the cohomology algebras
is the least period of [21] , there is such an action of this group on a homotopy 7-sphere. The order of TL 2 (F 5 ) is 240, so by the one-to-one correspondence between such spherical forms with the set of the orbits which contain a generator of H 8 (TL 2 (F 5 )) = Z/240 under the action of ± Aut(TL 2 (F 5 )) and Proposition 2.4, one can easily read that the number of homotopy types for TL 2 (F 5 ) in this case is 32. Moreover, by Proposition 2.4, we also get 
Automorphisms of
It is easy to see from the above presentation that the Abelianization
By [14, 19] , every automorphism of SL 2 (F p ) is a conjugation by a non-singular 2 × 2-matrix over F p , and in light of [1, 12] , the outer automorphism group
whose generator is the class of the automorphism given by conjugation by the matrix
for the group (studied in [1, Chapter IV, p. 152]) determined by the unique non-trivial extension 
It follows from this presentation that
Now, we show that any automorphism of TL 2 (F p ) provides an automorphism of the above short exact sequence. This is a relevant fact in order to use the techniques from [10, 12] 
, where ϕ is given via conjugation by the matrix
is generated by the matrix (1) the split short exact sequence (1) ab described above, we get that 
The least period of
To avoid any confusion of the terminology, we recall some definitions. In view of [ 
Among all periods of a group G there is the least one and all others are multiples of it. By [5, Section 11] , the least period of any periodic group is even. Now, if A is an Abelian group and q a prime number, let A (q) denote its q-torsion subgroup. Replacing
we can define similarly a q-period and the least q-period for the finite group G. From e.g., [24, p. 35] it follows that the least period of G is the least common multiple of all least q-periods.
To find the least period of TL 2 (F p ), we describe the cohomology of TL 2 (F p ) using the Lyndon-Hochschild-Serre spectral sequence associated with the short exact sequence
Next, we make use of the following well-known fact (see e.g., [5] ). If S is a q-Sylow subgroup of a finite group G then the restriction map res * :
Recall [25, Chapter V, p . 141] that a finite group is said to be q-normal if the center of one of its Sylow q-subgroups is the center of every Sylow q-group in which it is contained. Then, by [22] the following holds:
Theorem 2.1. If G is a q-normal finite group and S a q-Sylow subgroup then res
* : H * (G) (q) → H * (S) determines an isomorphism H * (G) (q) ∼ = − → H * (S) N G (Z(S)) ,
where N G (S) is the normalizer of the center Z(S) of S in the group G.
Let Z [1/2p] 
N for all n 0.
Proof.
(1) The Lyndon-Hochschild-Serre spectral sequence applied to the short exact sequence 1
is trivial and [24, Theorem 9.1] completes the result.
(2) Similarly, we get E r,s 
is an isomorphism for all n > 0.
Since the least period of Q 2 t+1 is 4, we get
N for n 0. Then, the isomorphism
N determined by Theorem 2.1, leads to an isomorphism
for n 0. Certainly,
and the proof is complete. 2
From the above, we can derive that 4 is the least q-period for q = p and 2(p − 1) is the least p-period of TL 2 (F p ). Writing [a, b] for the least common multiple of integers a, b, we derive that [4, 2( (2) is the identity map as well. Summing up the above discussion, we can state: 
Homotopy types and groups of homotopy self-equivalences
Throughout the rest of the paper, X(n) will denote an n-dimensional CW-complex with the homotopy type of the n-sphere, and the group Aut(Z/a) will be identified with the unit group (Z/a) of the mod a ring Z/a. Swan [20] showed that any finite group acting freely and cellularly on such a complex is periodic, and as a result of [21] , any finite periodic group with a period 2d acts freely and cellularly on a CW-complex X(2d − 1).
Given a free and cellular action α of a finite group G with order |G| on a CW-complex X(2n − 1), write X(2n − 1)/α for the corresponding orbit space, called a (2n − 1)-spherical space form or a Swan (2n − 1)-complex (see e.g., [3] ). Then, the group G is periodic with a period 2d dividing 2n, and by [5 /∼ = for its cardinality. Using [21] , it is shown in [23] that elements of the set K 2n−1 G /∼ = are in one-to-one correspondence with the set of the orbits which contain a generator in H 2n (G) ∼ = Z/|G| under the action of ± Aut(G) (see also [8] for another approach). But, the generators of the group Z/|G| are given by the unit group (Z/|G|) of the ring Z/|G| and any automorphism ϕ ∈ Aut(G) gives rise to the induced automorphism ϕ * ∈ Aut(H 2n (G)). Thus, those homotopy types are in one-to-one correspondence with the quotient (Z/|G|) /{±ϕ * ; ϕ ∈ Aut(G)}.
To investigate the number of homotopy types of space forms for actions of the semi-direct products Z/a μ (Z/b × TL 2 (F p )), we briefly recall some necessary basic facts. Write η : Aut(G) → Aut(H 2n (G)) for the anti-homomorphism given by η(ϕ) = ϕ * for ϕ ∈ Aut(G) and recall that given a semi-direct product Z/a μ G for a finite group G, by [ 
